The Application of the Capacitor's Physics to Optimize Capacitive Angular-Position Sensors I. INTRODUCTION A LOW ENERGY consumption and a simple construction are some of the attractive features of capacitive sensors. In the past, the accuracy of capacitive sensors was limited due to the problem of measuring the small currents in the capacitive elements in an accurate way. In some recent papers [1] - [3] , [6] , it has been shown that a rather high degree of accuracy can be obtained with capacitive sensor elements by applying new concepts. However, the electric-field-bending effect is still one of the major reasons for the remaining inaccuracy of capacitive sensors even though well-designed guard electrodes are used.
In this paper the influences of geometrical parameters on the nonlinearity, due to the electric-field-bending effect, are discussed in detail by analyzing the physical properties of the capacitive elements. It is shown that it is possible to predict the influences of geometrical nonidealities and to optimize the geometrical parameters of the capacitive sensor.
For a proper analysis of the relation between the capacitances and the geometrical parameters, a physical model and mathematical tools are required. Therefore, the analysis in this paper starts with a physical model of the capacitive angularposition sensor. Next, a complete description of potentials, charge densities, and capacitances for a complex symmetrical electrostatic system is obtained by solving Laplace's equation. The analytical results have been experimentally verified using a novel, accurate capacitive angular-position sensor.
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II. PHYSICAL MODEL OF THE CAPACITIVE SENSING ELEMENT

A. The Structure and Principle of the Capacitive Sensor
A novel capacitive sensing element, which consists of three parallel disks, has been presented in [3] , [7] (see Fig. 1 ).
By the use of a cross-quad configuration in the sensing element [3] , [7] , six capacitances between the segmented electrode and the common electrode are required to be measured. By measuring these capacitances and adapting the approach that uses the ratio of two linear combinations of the capacitances (RTLCC), which has been described in [3] and refers to (10), the angular position of the sensing elements can be determined over the measurement range of 90 . Many undesired mechanical and electronic influences, for instance, the eccentricities, the nonflatness, the obliqueness of the electrodes, and the gain errors and offsets of the signal-processing system, are eliminated or strongly reduced by the uses of the cross-quad configuration, the guarding electrode, and the RTLCC approach [3] , [7] . However, a nonlinearity due to the electric-field-bending effect still remains.
B. Physical Model of the Sensor
Generally, it is difficult to find an analytic solution for a three-dimensional electrostatic-field problem. However, when the potential distribution in the geometry depends only on twodimensional coordinates and when there is a homogeneous permittivity inside, an analytical solution can usually be found [4] , [5] .
0018-9456/97$10.00 © 1997 IEEE Fortunately, the electrode configuration which is shown in Fig. 1 can be simplified to a two-dimensional structure, and the electrostatic-field problem in polar coordinates is transformed to one in rectangular coordinates.
If the dimensions of the segmented and common electrodes in the radial direction are much larger than the electrode distances and larger than the dimensions of the electrodes in the tangential direction, we can simplify the electrostaticfield problem by supposing that the potential is not directly affected by the radial dimension at all. The effect of the radial dimension on the potential is indirectly taken into account via the tangential dimension [3] . A two-dimensional model in rectangular coordinates, corresponding to the threedimensional structure shown in Fig. 1 , is shown in Fig. 2 , which is symmetrical with respect to the -axis.
In Fig. 2 , is the angular width of the screen windows, the distance between the common and the segmented electrodes, the thickness of the screen electrode, the distance between the screen and the segmented electrodes, the distance between the common and the screen electrodes. Now, the parameter is supposed to be constant. Then is the coordinate in the tangent direction at a radial distance . Thus only the two-dimensional Laplace's equation has to be solved in rectangular coordinates.
In order to calculate the capacitance between the common electrode (CE) and the segmented electrode (SeE), we choose the common electrode as the transmitting electrode with potential and the segmented electrode as the receiving electrode with zero potential (i.e., grounded). The effect of the gap between two adjacent segments of the segmented electrode is neglected. The screen electrode (ScE) is also connected to ground.
For the total solution of this two-dimensional electrostaticfield problem, the configuration is divided into three areas I, II, and III (see Fig. 2 ) with generally different boundary conditions. For both and within the range , we assume that the potential is a continuous piecewise-linear potential, taken as a basic triangular-shaped function. The accuracy of this approximation is verified by the numerical calculation described in Section IV. This potential is shown in Fig. 3 .
In this model, the potential represents the potential of the transmitting electrode. The potentials , and positions , are auxiliary variables which are determined by the potential , the geometrical parameters ( and ) and the width of the screen windows . In the following section we give the solution of the two-dimensional electrostatic-field problem and discuss the relations between , , , and the geometrical parameters.
C. The Solution of the Two-Dimensional Electrostatic-Field Problem
By solving Laplace's equation in the areas I, II, and III and according to Gauss's flux theorem [4] , for the distribution of the surface charge density C/m on the surface of the receiving electrode (SeE) it can be found that (1) where
while is an integer. The variables , , and can be found from the common boundary conditions at boundary or .
If two values in the range
and two values in the range are arbitrarily selected, then four equations with the variables , , and are obtained. The relations between the variables , , , and and the geometrical parameters can be found by solving these four equations. In order to make the theoretical results optimally coincide with the practical results, we select four values that are respectively the points between and 0, and , and , and and namely (5) According to the definition of a capacitance, the capacitances between the segments on the segmented electrode and common electrode can be obtained from (1) . The capacitances respectively corresponding to the segments (see Fig. 2 ) are (6) where is the angular position to be measured, is the angular width of an electrode segment , the parameters and are the radial dimensions of the sensor (see Fig. 1 ), , and are nonlinear terms caused by the electric-field-bending effect, it is holds that (see (7)-(9) at bottom of page). 
III. INFLUENCE OF THE ELECTRIC-FIELD-BENDING EFFECT ON THE ACCURACY
For the sensor structure given in Fig. 1 , the relation of the measured angular position and the capacitances is represented by (10) [3] , [7] (see bottom of page) for where is called the fine-tuning factor . The appropriate fine-tuning factor will reduce the influence of the electric-field-bending effect.
Because of the cross-quad connection of the segments on the segmented electrode and the symmetrical structure of the rotating screen electrode with four identical windows in Fig. 1 (11) Substituting the capacitance's functions that are described by where is the fine-tuning compensation term for the electric-field-bending effect and (13) With (12), it is found that the systematic nonlinearity caused by the electric-field-bending effect can be approximated by
This nonlinearity is a function of the position to be measured, the geometrical parameters and the fine-tuning factor .
IV. NUMERICAL SOLUTION OF THE PROBLEM
In order to verify the validity of the analytical solutions, the distribution of the charge density on the surface of the receiving electrode (SeE) and the potential at (see Fig. 2 ) have been numerically calculated by using an existing Maxwell software package [8] . Fig. 4 shows a scheme of a part of a cross-section view of the sensor which has a symmetrical configuration about the line A-A . The dimensional and conditional parameters of this configuration are: mm, mm, mm, mm, mm, a potential on the common electrode V, and the screen electrode and segmented electrode are grounded.
In the calculation, about 3000 triangle meshes were used. Fig. 5 shows the numerically and analytically calculated distributions of the charge density on the surface of the receiving electrode (SeE) and of the potentials along the line B-B in Fig. 4 . The analytical results for the distributions of the charge density are described by (1) . From Fig. 5 , it can be concluded that analytical and numerical results for distributions of the charge density and potential are in good agreement. The numerical analysis is used mainly to verify the validity of the approximations in the analytical one. However, to predict the influence of small nonidealities, the analytical analysis is much more suited than the numerical one because this kind of The influence of the geometrical parameters  ,  ,  ,  , , , and on the nonlinearity of the sensor can be found using (14). Because the relation of the nonlinearity and the geometrical parameters, is very complex, it is difficult to calculate the relation of the nonlinearity and the geometrical parameters in a direct way. The variables , , and are also a function of the geometrical parameters and there is an optimum fine-tuning factor , which minimizes the influence of the electric-field bending, for every sensor structure. Therefore the variables , , , and have been calculated, first, then the optimum fine-tuning factor and the corresponding nonlinearity have been calculated, using a trial-and-error method. Fig. 6 shows the nonlinearity caused by the electric-fieldbending effect over a single-segment range for and (optimum value), respectively, for the geometrical parameters listed in Table I .
The nonlinearity is a periodic function with a period of the width of one segmented electrode. By using a fine-tuning factor , the nonlinearity of the sensor caused by the electric-field bending effect, can be improved by a factor of 6.5. Fig. 7 . The influence of the electric-field bending on the nonlinearity as function of the geometrical parameters. The electrode structure itself is assumed to be ideal. Fig. 7 shows the maximum nonlinearity as a function of the vertical geometrical parameters of the sensor ( and ) and corresponding optimum fine-tuning factor, respectively. In this figure, the maximum nonlinearity is the absolute value of the peak nonlinearity in the range [see (Fig. 6(b) ]. It is shown that a small nonlinearity is obtained with small electrode distances, a small thickness of the screen electrode, and a large ratio (the screen electrode is near to the segmented electrode). It should be noted here that for accurate sensors a small nonlinearity is not the only requirement. Among the other requirements are a low sensitivity of the angular-position measurement to mechanical tolerances and nonidealities, such as, mechanical vibration, nonflatness, obliqueness and eccentricity of the electrodes, a low temperature coefficient and insensitivity to pollution and humidity. These requirements can be fulfilled better with larger electrode distances and thicknesses, and a smaller ratio . The optimum structure is found as a compromise between these conflicting requirements. Fig. 8 shows the re- lations of the maximum nonlinearity and the dimensions of electrodes in the radial direction and the corresponding optimum fine-tuning factor.
The larger the dimensions of the electrodes in the radial direction, the smaller is the nonlinearity that is found. This effect is because of the larger width of the segments. The influence of the electric-field-bending effect in cylindrical coordinates is equivalent to that in rectangular coordinates with a segment width of being the average width of one cylindrical segment. Both Figs. 7 and 8 show a large electric-field-bending effect requires a large value of the fine-tuning factor to make the nonlinearity as low as possible. The fine-tuning factor is more effective for the large electric-field-bending effect. Fig. 9 shows that the optimum window width of the screen electrode is slightly larger than , which amounts to about 52 .
VI. EXPERIMENTAL RESULTS
An angular-position sensor has been built and tested with the structure described in Fig. 1 and the geometrical parameters given in Table I . The common electrode and segmented electrode were made using simple printed-circuitboard technology. Guard electrodes, surrounding the segmented electrode and the common electrode, were used to reduce the influence of the electric-field bending in radial directions and of electromagnetic interference. The rotating screen electrode is grounded by using a sliding contact. A window width of 48 on the screen electrode was selected by taking account of the influences of the electric-field-bending effect and the mechanical errors. The performance of the sensor was tested using a signal-processing circuit which has a resolution of 2.0 , an angular test table which has a resolution of 5.0 , and a microcontroller. Fig. 10(a) and (b) show the measured nonlinearities of the sensor over a range of one segment width using a fine-tuning factor of and , respectively. These nonlinearities are mainly caused by the influence of the electric-field-bending effect. Over a measurement range of 90 , the nonlinearity of the sensor is about 50 due to the influences of the electric-fieldbending effect, the mechanical errors, such as, nonflatness of electrode, and other nonidealities.
These measured results are in very good agreement with the analytical results shown in Fig. 6 . A comparison between Fig. 10(a) and (b) shows that the fine tuning is very effective to reduce the influence of the electric-field-bending effect and the improvement amounts to a factor of 5.8.
VII. CONCLUSION
Analytical expressions for the distributions of the potential and charge density in a capacitive angular-position sensor with three electrode disks in an axis-symmetrical configuration have been found by using an appropriate physical model and solving Laplace's equation.
These analytical expressions are very useful to calculate the influence of electric-field bending on the nonlinearity in a capacitive angular-and linear-position sensor. It has been shown that this nonlinearity is significantly reduced by using an additional parameter in the retrieving algorithm, the "finetuning factor." Optimal values for this fine-tuning factor have been calculated for a variety of geometrical parameters. The results of the analysis are very useful to find the optimal geometrical parameters with respect to the accuracy of the sensor structure. This optimum will depend on the nonlinearity on the one hand and on the nonflatness, mechanical stability, and sensitivity to pollution and humidity on the other hand. The physical model has been tested and verified experimentally with an angular-position sensor.
